Introduction {#Sec1}
============

Neural field equations have been widely used to study spatiotemporal dynamics of cortical regions. Arising as continuous spatial limits of discrete models, they provide a step towards an understanding of the relationship between the macroscopic spatially structured activity of densely populated regions of the brain, and the underlying microscopic neural circuitry. The discrete models themselves describe the activity of a large number of individual neurons with no spatial dimensions. Such neural mass models have been proposed by Lopes da Silva et al. ([@CR29], [@CR30]) to account for oscillatory phenomena observed in the brain, and were later put on a stronger mathematical footing in the study of epileptic-like seizures in Jansen and Rit ([@CR24]). When taking the spatial limit of such discrete models, one typically arrives at a nonlinear integro-differential equation, in which the integral term can be seen as a nonlocal interaction term describing the spatial distribution of synapses in a cortical region. Neural field models build on the original work of Wilson and Cowan ([@CR43], Wilson and Cowan ([@CR44])) and Amari ([@CR1]), and are known to exhibit a rich variety of phenomena including stationary states, traveling wave fronts, pulses and spiral waves. For a comprehensive review of neural field equations, including a description of their derivation, we refer to Bressloff ([@CR6]).

More recently several authors have become interested in stochastic versions of neural field equations (see for example Bressloff [@CR4], [@CR5]; Bressloff and Webber [@CR8]; Bressloff and Wilkerson [@CR10]; Kilpatrick and Ermentrout [@CR27]), in order to (amongst other things) model the effects of fluctuations on wave front propagation. In particular, in Bressloff and Webber ([@CR8]) a multiplicative stochastic term is added to the neural field equation, resulting in a stochastic nonlinear integro-differential equation of the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} dY(t, x) = \left[ - Y(t, x) + \int _{{\mathbb {R}} } w(x,y)G(Y(t, y))dy\right] dt + \sigma (Y(t, x))dW(t, x),\nonumber \\ \end{aligned}$$\end{document}$$for $\documentclass[12pt]{minimal}
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                \begin{document}$$x\in {\mathbb {R}} , t\ge 0$$\end{document}$, and some functions $\documentclass[12pt]{minimal}
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                \begin{document}$$G$$\end{document}$ (referred to as the nonlinear gain function), $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma $$\end{document}$ (the diffusion coefficient) and $\documentclass[12pt]{minimal}
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                \begin{document}$$w$$\end{document}$ (the neural field kernel, sometimes also called the connectivity function). Here $\documentclass[12pt]{minimal}
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                \begin{document}$$(W(t, x))_{x\in {\mathbb {R}} , t\ge 0}$$\end{document}$ is a stochastic process (notionally a "Gaussian random noise") that depends on both space and time, and which may possess some spatial correlation.

Of course the first step towards understanding ([1.1](#Equ1){ref-type=""}) rigorously is defining what we mean by a solution. This is in fact not completely trivial and is somewhat glossed-over in the neuroscientific literature. The main point is that any solution must involve an object of the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int \sigma (Y(t, x))dW(t, x) \end{aligned}$$\end{document}$$which must be precisely defined. Of course, in the case where there is no spatial dimension, the theory of such stochastic integrals is widely disseminated, but for integrals with respect to space-time white noise (for example) it is far less well-known. It is for this reason that we believe it to be extremely worthwhile making a detailed review of how to give sense to these objects, and moreover to solutions to ([1.1](#Equ1){ref-type=""}) when they exist, in a way that is accessible to practitioners. Although such results are quite well-known in probability theory, the body of literature is very large and generalistic, posing a daunting prospect for a mathematical neuroscientist looking to apply a specific result. The fact that the equation fits into well-studied frameworks also opens up opportunities to apply existing abstract results (for example large deviation principles---see Remark 2.3).

There are in fact two distinct approaches to defining and interpreting the quantity ([1.2](#Equ2){ref-type=""}), both of which allow one to build up a theory of stochastic *partial* differential equations (SPDEs). Although ([1.1](#Equ1){ref-type=""}) does not strictly classify as a SPDE (since there is no derivative with respect to the spatial variable), both approaches provide a rigorous underlying theory upon which to base a study of such equations.

The first approach generalizes the theory of stochastic processes in order to give sense to solutions of SPDEs as random processes that take their values in a Hilbert space of functions \[as presented by Da Prato and Zabczyk in ([@CR37]) and more recently by Prévôt and Röckner in ([@CR38])\]. With this approach, the quantity ([1.2](#Equ2){ref-type=""}) is interpreted as a *Hilbert space-valued* integral i.e. "$\documentclass[12pt]{minimal}
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                \begin{document}$$\int \mathbf {B}(Y(t))dW(t)$$\end{document}$", where $\documentclass[12pt]{minimal}
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                \begin{document}$$(W(t))_{t\ge 0}$$\end{document}$ take their values in a Hilbert space of functions, and $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {B}(Y(t))$$\end{document}$ is an operator between Hilbert spaces (depending on $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma $$\end{document}$). The second approach is that of Walsh \[as described in Walsh ([@CR42])\], which, in contrast, takes as its starting point a PDE with a random and highly irregular "white-noise" term. This approach develops integration theory with respect to a class of random measures, so that ([1.2](#Equ2){ref-type=""}) can be interpreted as a random field in both $\documentclass[12pt]{minimal}
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In the theory of SPDEs, there are advantages and disadvantages of taking both approaches. This is also the case with regards to the stochastic neural field Eq. ([1.1](#Equ1){ref-type=""}), as described in the conclusion below (Sect. [5](#Sec17){ref-type="sec"}), and it is for this reason that we here review both approaches. Taking the functional approach of Da Prato and Zabczyk is perhaps more straightforward for those with knowledge of stochastic processes, and the existing general results can be applied more directly in order to obtain, for example, existence and uniqueness. This was the path taken in Kuehn and Riedler ([@CR28]) where the emphasis was on large deviations, though in a much less general setup than we consider here (see Remark 2.3). However, it can certainly be argued that solutions constructed in this way may be "non-physical", since the functional theory tends to ignore any spatial regularity properties (solutions are typically $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$-valued in the spatial direction). We argue that the approach of Walsh is more suited to looking for "physical" solutions that are at least continuous in the spatial dimension. A comparison of the two approaches in a general setting is presented in Dalang and Quer-Sardanyons ([@CR15]) or Jetschke ([@CR25], [@CR26]), and in our setting in Sect. [4](#Sec16){ref-type="sec"} below. Our main conclusion is that in typical cases of interest for practitioners, the approaches are equivalent (see Example 4.2), but one or the other may be more suited to a particular need.

To reiterate, the main aim of this article is to present a review of an existing theory, which is accessible to readers unfamiliar with stochastic partial differential equations, that puts the study of stochastic neural field equations on a rigorous mathematical footing. As a by product we will be able to give general conditions on the functions $\documentclass[12pt]{minimal}
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                \begin{document}$$w$$\end{document}$ that, as far as we know, do not appear anywhere else in the literature and guarantee the existence of a solution to ([1.1](#Equ1){ref-type=""}) in some sense. Moreover, these conditions are weak enough to be satisfied for all typical choices of functions made by practitioners (see Sects. [2.6](#Sec8){ref-type="sec"}, [2.7](#Sec9){ref-type="sec"} and [2.8](#Sec10){ref-type="sec"}). By collecting all these results in a single place, we hope this will provide a reference for practitioners in future works.

The layout of the article is as follows. We first present in Sect. [2](#Sec2){ref-type="sec"} the necessary material in order to consider the stochastic neural field Eq. ([1.1](#Equ1){ref-type=""}) as an evolution equation in a Hilbert space. This involves introducing the notion of a $\documentclass[12pt]{minimal}
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                \begin{document}$$Q$$\end{document}$-Wiener process taking values in a Hilbert space and stochastic integration with respect to $\documentclass[12pt]{minimal}
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                \begin{document}$$Q$$\end{document}$-Wiener processes. A general existence result from Prato and Zabczyk ([@CR37]) is then applied in Sect. [2.5](#Sec7){ref-type="sec"} to yield a unique solution to ([1.1](#Equ1){ref-type=""}) interpreted as a Hilbert space valued process. The second part of the paper switches track, and describes Walsh's theory of stochastic integration (Sect. [3.1](#Sec12){ref-type="sec"}), with a view of giving sense to a solution to ([1.1](#Equ1){ref-type=""}) as a random field in both time and space. To avoid dealing with distribution-valued solutions, we in fact consider a Gaussian noise that is smoothed in the spatial direction (Sect. [3.2](#Sec13){ref-type="sec"}), and show that, under some weak conditions, the neural field equation driven by such a smoothed noise has a unique solution in the sense of Walsh that is continuous in both time and space (Sect. [3.3](#Sec14){ref-type="sec"}). We finish with a comparison of the two approaches in Sect. [4](#Sec16){ref-type="sec"}, and summarize our findings in a conclusion (Sect. [5](#Sec17){ref-type="sec"}).
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                \begin{document}$$(\varOmega , {\mathcal {F}} , {\mathbb P} )$$\end{document}$ will be a probability space, and $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2(\varOmega , \mathcal {F}, \mathbb {P})$$\end{document}$ will be the space of square-integrable random variables on $\documentclass[12pt]{minimal}
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                \begin{document}$$(\varOmega , \mathcal {F}, \mathbb {P})$$\end{document}$. We will use the standard notation $\documentclass[12pt]{minimal}
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Stochastic neural field equations as evolution equations in Hilbert spaces {#Sec2}
==========================================================================

As stated in the introduction, the goal of this section is to provide the theory and conditions needed to interpret the solution to ([1.1](#Equ1){ref-type=""}) as a process $\documentclass[12pt]{minimal}
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                \begin{document}$$(Y(t))_{t\ge 0}$$\end{document}$ that takes its values in a Hilbert space of functions i.e. for each $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sum _{k\ge 1} \Vert B(e_k)\Vert _{H}^2 <\infty , \end{aligned}$$\end{document}$$for some (and hence all) complete orthonormal systems $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{e_k\}_{k\ge 1}$$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U$$\end{document}$. Finally, a bounded linear operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q:U \rightarrow U$$\end{document}$ will be said to be trace-class if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {Tr}(Q) {:=} \sum _{k\ge 1}\langle Q (e_k), e_k\rangle _U < \infty $$\end{document}$, again for some (and hence all) complete orthonormal systems $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{e_k\}_{k\ge 1}$$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U$$\end{document}$.

Hilbert space valued $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q$$\end{document}$-Wiener processes {#Sec3}
---------------------------------------------------------------------

The purpose of this section is to provide a basic understanding of how we can generalize the idea of an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}} ^d$$\end{document}$-valued Wiener process to one that takes its values in an infinite dimensional Hilbert space, which for convenience we fix to be $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U=L^2({\mathbb {R}} ^N)$$\end{document}$ (this is simply for the sake of being concrete).

In the finite dimensional case, it is well-known that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}} ^d$$\end{document}$-valued Wiener processes are characterized by their $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\times d$$\end{document}$ covariance matrices, which are symmetric and non-negative. The basic idea is that in the infinite dimensional setup the covariance matrices are replaced by covariance *operators*, which are linear, non-negative, symmetric and bounded.

Indeed, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q:U \rightarrow U$$\end{document}$ be a non-negative, symmetric bounded linear operator on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U$$\end{document}$. To avoid introducing extra embeddings, we also suppose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {Tr}(Q) <\infty $$\end{document}$. Then, completely analogously to the finite dimensional case, there exists a sequence of non-negative real numbers $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\lambda _k)_{k\ge 1}$$\end{document}$ which are eigenvalues of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q$$\end{document}$, associated with a sequence of eigenfunctions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{e_k\}_{k\ge 1}$$\end{document}$ (i.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Qe_k = \lambda _k e_k$$\end{document}$) that form a complete orthonormal basis for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U$$\end{document}$. Moreover, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {Tr}(Q) <\infty $$\end{document}$, it holds that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{k=1}^\infty \lambda _k < \infty . \end{aligned}$$\end{document}$$By a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q$$\end{document}$-Wiener process $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W = (W(t))_{t\ge 0}$$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U$$\end{document}$ we will simply mean that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W(t)$$\end{document}$ can be expanded as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} W(t) = \sum _{k=1}^\infty \sqrt{\lambda _k}\beta _k(t) e_k, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\beta _k(t))_{t\ge 0}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k=1, 2, \dots $$\end{document}$ are mutually independent standard real-valued Brownian motions. We note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W(t)$$\end{document}$ exists as a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U$$\end{document}$-valued square-integrable random variable i.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W(t)\in L^2(\varOmega , \mathcal {F}, \mathbb {P})$$\end{document}$.

Equation ([2.2](#Equ4){ref-type=""}) shows the role played by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q$$\end{document}$: the eigenvectors $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e_k$$\end{document}$ are functions that determine "where" the noise "lives" in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U$$\end{document}$, while the eigenvalues $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _k$$\end{document}$ determine its dimensionality and relative strength. As an example of a covariance operator[2](#Fn2){ref-type="fn"}, let us compute the covariance operator of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W$$\end{document}$. An easy computation based on ([2.2](#Equ4){ref-type=""}) and the elementary properties of the standard real-valued Brownian motion shows that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathbb {E}} [\langle W(s),g\rangle _U \langle W(t),h \rangle _U]=(s \wedge t)\langle Q g,h\rangle _U \quad \forall g,\,h\in U. \end{aligned}$$\end{document}$$It turns out that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W$$\end{document}$ is white in both space and time. The whiteness in time is apparent from the above expression. The whiteness in space is shown explicitly in Sect. [2.7](#Sec9){ref-type="sec"}.

Stochastic integration with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q$$\end{document}$-Wiener processes {#Sec4}
---------------------------------------------------------------------

The second point is that we would like to be able to define stochastic integration with respect to these Hilbert space valued Wiener processes. In particular we must determine for which integrands this can be done \[exactly as in Prato and Zabczyk ([@CR37])\].
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### *Example 2.1* {#d30e3594}
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The main point of the section is the following. According to the construction detailed in Chapter 4 of Prato and Zabczyk ([@CR37]), we have that for a (random) process $\documentclass[12pt]{minimal}
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The stochastic neural field equation: interpretation in language of Hilbert space valued processes {#Sec5}
--------------------------------------------------------------------------------------------------

With the previous two sections in place, we can now return to ([2.1](#Equ3){ref-type=""}) and interpret it (and in particular the noise term) in a rigorous way. Indeed, as above, let $\documentclass[12pt]{minimal}
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Of particular interest to us are the conditions on the neural field kernel $\documentclass[12pt]{minimal}
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We will discuss these abstract conditions from a modeling point of view below. However, we first present the existence and uniqueness result.

Existence and uniqueness {#Sec7}
------------------------

### **Theorem 2.2** {#d30e7269}
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In case (ii), by Cauchy--Schwartz and the specific property of $\documentclass[12pt]{minimal}
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### *Remark 2.3* {#d30e10068}

(Large Deviation Principle) The main focus of Kuehn and Riedler ([@CR28]) was a large deviation principle for the stochastic neural field Eq. ([2.5](#Equ7){ref-type=""}) with small noise, but in a less general situation than we consider here. In particular, the authors only considered the neural field equation driven by a simple additive noise, white in both space and time.

We would therefore like to remark that in our more general case, and under much weaker conditions than those imposed in Kuehn and Riedler ([@CR28]) (our conditions are for example satisfied for a connectivity function $\documentclass[12pt]{minimal}
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---------------------------------------------------------------------------------------

Our knowledge about the kinds of neural field kernels that are found in the brains of mammals is still quite limited. Since visual perception is the most active area of research, it should not come as a surprise that it is in cortical regions involved in visual perception that this knowledge is the most extensive, and in particular in the primary visual area called V1 in humans. In models of this region it is usually assumed that $\documentclass[12pt]{minimal}
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Combining the local and non-local parts, one then writes for the neural field kernel of the primary visual area:$$\documentclass[12pt]{minimal}
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Another commonly used type of (homogeneous) neural field kernel, when modeling excitatory and inhibitory populations of neurons is the so-called "Mexican hat" kernel defined by$$\documentclass[12pt]{minimal}
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It is also important to mention the role of $\documentclass[12pt]{minimal}
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Moreover, we emphasize that in Theorem 2.2 and the examples in the next section we identify a single $\documentclass[12pt]{minimal}
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### *Remark 2.4* {#d30e11812}

If we replace the spatial coordinate space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathbb {R}} ^N}$$\end{document}$ by a bounded domain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {D}\subset {{\mathbb {R}} ^N}$$\end{document}$, so that the neural field Eq. ([2.5](#Equ7){ref-type=""}) describes the activity of a neuron found at position $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in \mathcal {D}$$\end{document}$ then checking the conditions as done Theorem 2.2 becomes rather trivial (under appropriate boundary conditions). Indeed, by doing this one can see that there exists a unique $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^2(\mathcal {D})$$\end{document}$-valued solution to ([2.5](#Equ7){ref-type=""}) under the condition (**C2'**) only (with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathbb {R}} ^N}$$\end{document}$ replaced by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {D}$$\end{document}$). Although working in a bounded domain seems more physical (since any physical section of cortex is clearly bounded), the unbounded case is still often used, see Bressloff and Webber ([@CR8]) or the review Bressloff ([@CR6]), and is mathematically more interesting. The problem in passing to the unbounded case stems from the fact that the nonlocal term in ([2.5](#Equ7){ref-type=""}) naturally 'lives' in the space of bounded functions, while according to the theory the noise naturally lives in an $\documentclass[12pt]{minimal}
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Discussion of the noise term in ([2.5](#Equ7){ref-type=""}) {#Sec9}
-----------------------------------------------------------

It is important to understand the properties of the noise term in the neural field Eq. ([2.5](#Equ7){ref-type=""}) which we now know has a solution in some sense. As mentioned above, one particular form of the noise operator $\documentclass[12pt]{minimal}
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An obvious question is then for which choices of $\documentclass[12pt]{minimal}
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### *Remark 2.5* {#d30e15047}
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Examples {#Sec10}
--------

As mentioned we now present two important cases where the conditions (**C1'**) and (**C2'**) are satisfied. For convenience, in both cases we in fact show that $\documentclass[12pt]{minimal}
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Now, by the classical Fourier Inversion Theorem (which is applicable since $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathfrak {F}\left( \mathfrak {F}^{-1}\hat{\rho }\right) (\xi ) = \hat{\rho }(\xi ), \end{aligned}$$\end{document}$$for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi \in {{\mathbb {R}} ^N}$$\end{document}$.
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Moreover, Eq. ([2.19](#Equ21){ref-type=""}) shows that $\documentclass[12pt]{minimal}
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Stochastic neural fields as Gaussian random fields {#Sec11}
==================================================

In this section we take an alternative approach, and try to give sense to a solution to the stochastic neural field Eq. ([1.1](#Equ1){ref-type=""}) as a random field, using Walsh's theory of integration.

This approach generally takes as its starting point a deterministic PDE, and then attempts include a term which is random in both space and time. With this in mind, consider first the well studied deterministic neural field equation$$\documentclass[12pt]{minimal}
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The idea then is to directly add a noise term to this equation, and try and give sense to all the necessary objects in order to be able to define what we mean by a solution. Indeed, consider the following stochastic version of ([3.1](#Equ22){ref-type=""}),$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \partial _tY(t, x) = - Y(t, x) + \int _{{\mathbb {R}} ^N} w(x, y)G(Y(t, y))dy + \sigma (Y(t, x))\dot{W}(t, x) \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\dot{W}(t, x)$$\end{document}$ as the random *distribution* which, when integrated against a test function $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \dot{W}(h){:=} \int _0^\infty \int _{{\mathbb {R}} ^N} h(t, x)\dot{W}(t, x)dtdx, \quad h\in L^2({\mathbb {R}} ^+\times {{\mathbb {R}} ^N}), \end{aligned}$$\end{document}$$yields a zero-mean Gaussian random field $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbb {E}\left[ \, \dot{W}(g)\dot{W}(h) \,\right] = \int _0^\infty \int _{{\mathbb {R}} ^N} g(t, x) h(t, x) dxdt, \quad g, h\in L^2({\mathbb {R}} ^+\times {{\mathbb {R}} ^N}). \end{aligned}$$\end{document}$$The point is that with this interpretation of space-time white noise, since Eq. ([3.2](#Equ23){ref-type=""}) specifies no regularity in the spatial direction (the map $\documentclass[12pt]{minimal}
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                \begin{document}$$x\mapsto Y(t,x)$$\end{document}$ is simply assumed to be Lebesgue measurable so that the integral makes sense), it is clear that any solution will be *distribution*-valued in the spatial direction, which is rather unsatisfactory. Indeed, consider the extremely simple linear case when $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma \equiv 1$$\end{document}$, so that ([3.2](#Equ23){ref-type=""}) reads$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \partial _tY(t, x) = - Y(t, x) + \dot{W}(t, x). \end{aligned}$$\end{document}$$Formally, the solution to this equation is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} Y(t, x) = e^{-t}Y(0, x) + \int _0^t e^{-(t-s)}\dot{W}(s, x) ds, \quad t\ge 0, x\in {{\mathbb {R}} ^N}, \end{aligned}$$\end{document}$$and since the integral is only over time it is clear (at least formally) that $\documentclass[12pt]{minimal}
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                \begin{document}$$t\ge 0$$\end{document}$. This differs significantly from the usual SPDE situation, when one would typically have an equation such as ([3.3](#Equ24){ref-type=""}) where a second order differential operator in space is applied to the first term on the right-hand side (leading to the much studied *stochastic heat equation*). In such a case, the semigroup generated by the second order differential operator can be enough to smooth the space-time white noise in the spatial direction, leading to solutions that are continuous in both space and time \[at least when the spatial dimension is $\documentclass[12pt]{minimal}
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                \begin{document}$$1$$\end{document}$---see for example Pardoux ([@CR34], Chapter 3) or Walsh ([@CR42], Chapter 3)\].

Of course one can develop a theory of distribution-valued processes \[as is done in Walsh ([@CR42], Chapter 4)\] to interpret solutions of ([3.2](#Equ23){ref-type=""}) in the obvious way: one says that the random field $\documentclass[12pt]{minimal}
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                \begin{document}$$(Y(t, x))_{t\ge 0, x\in {{\mathbb {R}} ^N}}$$\end{document}$ is a (weak) solution to ([3.2](#Equ23){ref-type=""}) if for all $\documentclass[12pt]{minimal}
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                \begin{document}$$t\ge 0$$\end{document}$. Here all the integrals can be well-defined, which makes sense intuitively if we think of $\documentclass[12pt]{minimal}
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                \begin{document}$$\dot{W}(t, x)$$\end{document}$ as a distribution. In fact it is more common to write $\documentclass[12pt]{minimal}
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                \begin{document}$$\int _0^t\int _{{\mathbb {R}} ^N} e^{-(t-s)}\phi (x)W(dsdx)$$\end{document}$ for the stochastic integral term, once it has been rigorously defined.

However, we argue that it is not worth developing this theory here, since distribution valued solutions are of little interest physically. It is for this reason that we instead look for other types of random noise to add to the deterministic Eq. ([3.1](#Equ22){ref-type=""}) which in particular will be correlated in space that will produce solutions that are real-valued random fields, and are at least Hölder continuous in both space and time. In the theory of SPDEs, when the spatial dimension is $\documentclass[12pt]{minimal}
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                \begin{document}$$2$$\end{document}$ or more, the problem of an equation driven by space-time white noise having no real-valued solution is a well-known and much studied one \[again see for example Pardoux ([@CR34], Chapter 3) or Walsh ([@CR42], Chapter 3) for a discussion of this\]. To get around the problem, a common approach (Dalang and Frangos [@CR14]; Ferrante and Sanz-Solé [@CR21]; Sanz-Solé and Sarrà [@CR39]) is to consider random noises that are smoother than white noise, namely a Gaussian noise that is white in time but has a smooth spatial covariance. Such random noise is known as either spatially colored or spatially homogeneous white-noise. One can then formulate conditions on the covariance function to ensure that real-valued Hölder continuous solutions to the specific SPDE exist.

It should also be mentioned, as remarked in Dalang and Frangos ([@CR14]), that in trying to model physical situations, there is some evidence that white-noise smoothed in the spatial direction is more natural, since spatial correlations are typically of a much larger order of magnitude than time correlations.

In the stochastic neural field case, since we have no second order differential operator, our solution will only ever be as smooth as the noise itself. We therefore look to add a noise term to ([3.1](#Equ22){ref-type=""}) that is at least Hölder continuous in the spatial direction instead of pure white noise, and then proceed to look for solutions to the resulting equation in the sense of Walsh.

The section is structured as follows. First we briefly introduce Walsh's theory of stochastic integration, for which the classical reference is Walsh ([@CR42]). This theory will be needed to well-define the stochastic integral in our definition of a solution to the neural field equation. We then introduce the spatially smoothed space-time white noise that we will consider, before finally applying the theory to analyze solutions of the neural field equation driven by this spatially smoothed noise under certain conditions.

Walsh's stochastic integral {#Sec12}
---------------------------

We will not go into the details of the construction of Walsh's stochastic integral, since a very nice description is given by D. Khoshnevisan in Dalang et al. ([@CR13]) \[see also Walsh ([@CR42])\]. Instead we present the bare essentials needed in the following sections.
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Indeed, we have then following theorem ((Walsh [@CR42], Theorem 2.5)).
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The following inequality will also be fundamental:

### **Theorem 3.2** {#d30e23663}
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Spatially smoothed space-time white noise {#Sec13}
-----------------------------------------
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The regularity in time of this process is the same as that of a Brownian path:

### **Lemma 3.3** {#d30e24761}
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### *Proof* {#d30e24852}
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### **Lemma 3.4** {#d30e25073}
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### *Proof* {#d30e25378}
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### *Remark 3.5* {#d30e25716}
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The stochastic neural field equation driven by spatially smoothed space-time white noise {#Sec14}
----------------------------------------------------------------------------------------

We now have everything in place to define and study the solution to the stochastic neural field equation driven by a spatially smoothed space-time white noise. Indeed, consider the equation$$\documentclass[12pt]{minimal}
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### **Definition 3.6** {#d30e26598}

By a solution to ([3.9](#Equ30){ref-type=""}) we will mean a real-valued random field $\documentclass[12pt]{minimal}
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Once again we are interested in the conditions on the neural field kernel $\documentclass[12pt]{minimal}
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### **Theorem 3.7** {#d30e27194}
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### *Proof* {#d30e27440}

The proof proceeds in a classical way, but where we are careful to interpret all stochastic integrals as described in Sect. [3.1](#Sec12){ref-type="sec"}, and so we provide the details.
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By completeness, for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\ge 0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in {{\mathbb {R}} ^N}$$\end{document}$ there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Y(t, x)\in L^2(\varOmega , {\mathcal {F}} , \mathbb {P})$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Y(t, x)$$\end{document}$ is the limit in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^2(\varOmega , {\mathcal {F}} , \mathbb {P})$$\end{document}$ of the sequence of square-integrable random variables $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(Y_n(t, x))_{n\ge 1}$$\end{document}$. Moreover, the convergence is uniform on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[0, T]\times {{\mathbb {R}} ^N}$$\end{document}$, i.e.$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sup _{t\in [0, T], x\in {{\mathbb {R}} ^N}} {\mathbb {E}} \left| Y_n(t, x) - Y(t,x)\right| ^2\rightarrow 0. \end{aligned}$$\end{document}$$From this we can see that ([3.11](#Equ32){ref-type=""}) is satisfied for the random field $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(Y(t, x))_{t\ge 0, x\in {{\mathbb {R}} ^N}}$$\end{document}$. It remains to show that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(Y(t, x))_{t\ge 0, x\in {{\mathbb {R}} ^N}}$$\end{document}$ satisfies ([3.10](#Equ31){ref-type=""}) almost surely. By the above uniform convergence, we have that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathbb {E}\left[ \, \left| \int _0^t\int _{{{\mathbb {R}} ^N}}e^{-(t-s)} \left[ \sigma (Y_n(s,x)) - \sigma (Y(s,x)) \right] \varphi (x-y)W(dsdy)\right| ^2 \,\right] \rightarrow 0, \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathbb {E}\left[ \, \left| \int _0^te^{-(t-s)} \int _{{{\mathbb {R}} ^N}}w(x, y)\left[ G(Y_n(s,y)) - G(Y(s,y)) \right] dsdy\right| ^2 \,\right] \rightarrow 0, \end{aligned}$$\end{document}$$uniformly for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\ge 0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in {{\mathbb {R}} ^N}$$\end{document}$. Thus taking the limit as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\rightarrow \infty $$\end{document}$ in ([3.12](#Equ33){ref-type=""}) \[in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^2(\varOmega , {\mathcal {F}} , \mathbb {P})$$\end{document}$ sense\] proves that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(Y(t, x))_{t\ge 0, x\in {{\mathbb {R}} ^N}}$$\end{document}$ does indeed satisfy ([3.10](#Equ31){ref-type=""}) almost surely.$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

In a very similar way, one can also prove that the solution remains $\documentclass[12pt]{minimal}
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### **Theorem 3.8** {#d30e32174}

Suppose that we are in the situation of Theorem 3.7, but in addition we have that $\documentclass[12pt]{minimal}
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### *Proof* {#d30e32573}

The proof of the first part of this result uses similar techniques as in the proof of Theorem 3.7 in order to bound $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {E}\left[ \, |Y(t, x)|^p \,\right] $$\end{document}$ uniformly in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\in [0, T]$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in {{\mathbb {R}} ^N}$$\end{document}$. In particular, we use the form of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Y(t, x)$$\end{document}$ given by ([3.10](#Equ31){ref-type=""}), Burkhölder's inequality (see Theorem 3.2), Hölder's inequality and Gronwall's lemma, as well as the conditions imposed on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma $$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi $$\end{document}$.
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### Spatial regularity of solution {#Sec15}

As mentioned in the introduction to this section, the spatial regularity of the solution $\documentclass[12pt]{minimal}
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It is worth mentioning that the neural field equation fits into the class of degenerate diffusion SPDEs (indeed there is no diffusion term), and that regularity theory for such equations is an area that is currently very active \[see for example Hofmanová ([@CR23]) and references therein\]. However, in our case we are not concerned with any kind of sharp regularity results \[in contrast to those found in Dalang and Sanz-Solé ([@CR16]) for the stochastic wave equation\], and simply want to assert that for most typical choices of neural field kernels $\documentclass[12pt]{minimal}
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#### *Remark 3.9* {#d30e33293}

This condition is certainly satisfied for all typical choices of neural field kernel $\documentclass[12pt]{minimal}
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#### **Theorem 3.10** {#d30e33330}

(Regularity) Suppose that we are in the situation of Theorem 3.7 and$$\documentclass[12pt]{minimal}
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#### *Proof* {#d30e33786}
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Comparison of the two approaches {#Sec16}
================================

The purpose of this section is to compare the two different approaches taken in Sects. [2](#Sec2){ref-type="sec"} and [3](#Sec11){ref-type="sec"} above to give sense to the stochastic neural field equation. Such a comparison of the two approaches in a general setting has existed for a long time in the probability literature \[see for example Jetschke ([@CR25], [@CR26]), or more recently Dalang and Quer-Sardanyons ([@CR15])\], but we provide a proof of the main result (Theorem 4.1) in the Appendix for completeness.

Our starting point is the random field solution, given by Theorem 3.7. Suppose that the conditions of Theorem 3.7 are satisfied \[i.e. $\documentclass[12pt]{minimal}
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It turns out the that this random field solution is equivalent to the Hilbert space valued solution constructed in Sect. [2](#Sec2){ref-type="sec"}, in the following sense.

**Theorem 4.1** {#d30e36634}
---------------

Suppose the conditions of Theorem 3.7 and Theorem 3.8 are satisfied. Moreover suppose that condition (**C1'**) is satisfied for some $\documentclass[12pt]{minimal}
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*Example 4.2* {#d30e37135}
-------------

We finish this section with an example illustrating the above result, and the applicability of the two approaches. Indeed, we make the same choices for the neural field kernel $\documentclass[12pt]{minimal}
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                \begin{document}$$(Y(t, x))_{t\ge 0}$$\end{document}$ to the stochastic neural field equation. Moreover, by Example 2 in Sect. [2.8](#Sec10){ref-type="sec"}, we also see that (**C1'**) is satisfied. Thus Theorem 2.2 can also be applied to construct a Hilbert space valued solution to the stochastic neural field equation (Eq. ([4.3](#Equ41){ref-type=""})). By Theorem 4.1, the solutions are equivalent.

Conclusion {#Sec17}
==========

We have here explored two rigorous frameworks in which stochastic neural field equations can be studied in a mathematically precise fashion. Both these frameworks are useful in the mathematical neuroscience literature: the approach of using the theory of Hilbert space valued processes is adopted in Kuehn and Riedler ([@CR28]), while we the random field framework is more natural for Bressloff, Ermentrout and their associates in Bressloff and Webber ([@CR8]), Bressloff and Wilkerson ([@CR10]), Kilpatrick and Ermentrout ([@CR27]).

It turns out that the constructions are equivalent (see Sect. [4](#Sec16){ref-type="sec"}), when all the conditions are satisfied (which we emphasize is certainly the case for all usual modeling choices of the neural field kernel $\documentclass[12pt]{minimal}
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                \begin{document}$$w$$\end{document}$ and noise terms made in the literature---see Sects. [2.6](#Sec8){ref-type="sec"}, [2.7](#Sec9){ref-type="sec"} and Example 4.2). However, there are still some advantages and disadvantages for taking one approach over the other, depending on the purpose. For example, an advantage of the construction of a solution as a stochastic process taking values in a Hilbert space carried out in Sect. [2](#Sec2){ref-type="sec"}, is that it allows one to consider more general diffusion coefficients. Moreover, it easy to apply results from a large body of literature taking this approach (for example LDP results---see Remark 2.3). A disadvantage is that we have to be careful to impose conditions which control the behavior of the solution in space at infinity and guarantee the integrability of the solution. In particular we require that the connectivity function $\documentclass[12pt]{minimal}
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On the other hand, the advantage of the random field approach developed in Sect. [3](#Sec11){ref-type="sec"} is that one no longer needs to control what happens at infinity. We therefore require fewer conditions on the connectivity function $\documentclass[12pt]{minimal}
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                \begin{document}$$w$$\end{document}$ to ensure the existence of a solution \[(**C2'**) is sufficient---see Theorem 3.7\]. Moreover, with this approach, it is easier to write down conditions that guarantee the existence of a solution that is continuous in both space and time (as opposed to the Hilbert space approach, where spatial regularity is somewhat hidden). However, in order to avoid non-physical distribution valued solutions, we had to impose a priori some extra spatial regularity on the noise (see Sect. [3.2](#Sec13){ref-type="sec"}).

Appendix {#Sec18}
========

*Proof (of Theorem 4.1)* {#d30e37490}
------------------------

The proof of the result involves some technical definition chasing, and in fact is contained in Dalang and Quer-Sardanyons ([@CR15]), though rather implicitly, of but see also Jetschke ([@CR25], [@CR26]). It is for this reason that we carry out the proof explicitly in our situation, by closely following Dalang and Quer sardanyons ([@CR15] Proposition 4.10). The most important point is to relate the stochastic integrals that appear in the two different formulations of a solution. To this end, define$$\documentclass[12pt]{minimal}
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Step 1: Adapting Proposition 2.6 of Dalang and Quer-Sardanyons ([@CR15]) very slightly, we have that the Walsh integral $\documentclass[12pt]{minimal}
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This would be for an infinite size cortex. The cortex is in effect of finite size but the spatial extents of $\documentclass[12pt]{minimal}
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Recall that a collection of random variables $\documentclass[12pt]{minimal}
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This is a family of random variables such that for each $\documentclass[12pt]{minimal}
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